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Part I. (Do 3 problems)

1. Solve the initial value problem

2

XUy + xy Uy =u u(y?,y) = 1.

2. Compute the Fourier transform of u(x) = x e

3. Let Q be a bounded domain in R” with a C! boundary and suppose u; and u; are two functions
in C2(Q) that are solutions of

Au1 = /\11/[1, Auz = AQLIQ in Q,u1 = Uy = 0 on 3@,
where A and A, are two constants, A1 # A,. Show that j;) up(x)uz(x)dx = 0.

4. Let u be harmonic in R”. Prove that

(a) A(w?) >0in R";
(b) if [, u(x)?dx < +oo, then u = 0.

Part II. (Do 2 problems)

1. Let Q be a bounded smooth domain in R”, ¢(x) continuous and strictly positive in Q, and a(x) > 0
continuous in JQ. Suppose u(x, t) is a smooth solution to

ug —c(x)>Au=0 in Qx[0,T]
ur —a(x)dyu =0 indQx|[0,T].

Prove that the energy
_ 1 1 o 2
E(t) = 5 L (c(x)zut + |Du| ) dx

dE
satisfies I > 0for 0 <t <T. Here d,u denotes the outer normal derivative of u.

2. Suppose QO C R" is a connected domain and u € WP(Q), for some 1 < p < oo, with weak

.o du , . .
derivatives -— = 0 for 1 < j < n. Prove that u is constant in ().

ox j

3. Letu(x, t)beasolution to the heatequation u;—Au = 0inIR"x(0, +0). Suppose thatsup,, _ lu(x, t)—
A(x)] = 0 as t — +oo for some function A(x). Prove that A is harmonic in |x| < R.
HINT: prove that A is weakly harmonic in [x| < R, that is, fan A(x) Ap(x)dx = 0 forall ¢ € C(|x| <
R). Using the equation and the divergence theorem show first that ftfz f]Rn u(x, t) Ap(x) dxdt =
S ©(0) (u(x, £2) — u(x, t1)) dx. Next write ff S AG) Ap(x) duxdt = ff S (AQ) = u(x, 1)) AD(x) dxddt+
ft? f}Rn u(x, t) Ap(x) dxdt.



