PH.D. COMPREHENSIVE EXAMINATION
REAL ANALYSIS SECTION

August 1996

Part I. Do three (3) of these problems.

I.1. Determine all the values of p for which the limit

lim sin(| sin z|P)

r—0 x

exists and calculate its value. Justify your answer.

I1.2. Show that the series
[e ) ’I’L2
(3
Z cos —
n=1 n
diverges.
2
) ) 1 1 1 1
Hint: write cos— = /1 — | sin — and use that 0 <sin — < —.
n n n o n

I.3. Let f, : R — R be a sequence of equicontinuous functions, that is: for every ¢ > 0
there exists § > 0 such that if |z — y| < § then |f,.(x) — fn(y)| < ¢, for all n.

Show that the set
{x e R: {f,(x)} isa Cauchy sequence}

is closed.

1.4.

(a) Give an example of a function f € L*(R) such that f ¢ L'(R).
(b) Show that if f € L?(0,1) then f € L'(0,1)

Typeset by ApS-TEX



2 AUGUST 1996

Part II. Do two (2) of these problems.

Ly

I1.1. Let f(f,C,y) = m

(a) Show that

/_11 </_11 f(@y) dw) dy = /_11 (/_11 fz,y) dy) dz = 0.

(b) Prove that f is Lebesgue integrable on [—1,1] x [—1, 1] and calculate the value of

the integral
/ f(x,y) dady.
[—1,1]x[—1,1]

1 n
I1.2. Let f,(z) = (1) <1 +n2x4> , 0 <x < 1. Prove that

(a) fn(xz) — 0 pointwise in [0, 1].
(b) fn(x) do not converge uniformly to 0 in [0, 1].
(¢) fn(x) — 0 in measure in [0, 1].

I1.3. Show that for any real 6 not a multiple of 27, the sequences of partial sums of the

series
o0 o0
E cosnb, E sin né
n=1 n=1

are bounded. (Hint: consider SV einf)

Show that the series

o0

Z % cos nb

n=1
converges for all s > 0 when 6 is not a multiple of 2. (Hint: use the formula of summation

by parts: Zgﬂ anbn = (ZkN:1 ak) bN+1 — ZkN:1 (2:?:1 ar) (br41 — br) -)



