
PH.D. COMPREHENSIVE EXAMINATIONREAL ANALYSIS SECTIONAugust 2002Part I. Do three (3) of these problems.I.1. Suppose that fn ! f a.e. on E and fn ! g almost uniformly in E.(1) Give the de�nition of almost uniform 
onvergen
e in E.(2) Prove that f = g a.e. on E.I.2. Let f : [0;+1)! R+ be nonde
reasing, and su
h that there exists a positive 
onstantC satisfying Z 4r2r f(t) dt � C Z 2rr f(t) dt;for ea
h r � 0: Prove that there exists a 
onstant C 0 > 0 su
h that f(2r) � C 0 f(r) for allr � 0.I.3. Let E � Rn measurable su
h that jEj <1. Prove that jE \BR(0)
j ! 0 as R!1;where BR(0)
 denotes the 
omplement of the Eu
lidean ball with 
enter 0 and radius R.I.4. Consider the set C1=2 
onsisting of the fun
tions f 's on [0; 1℄ su
h that f(0) = 0 andkfk = sup� jf(x)� f(y)jjx� yj1=2 : x 6= y� <1:Prove that (C1=2; k � k) is 
omplete.



2 AUGUST 2002Part II. Do two (2) of these problems.II.1. Let fk be measurable and fk ! f a.e. in Rn . Prove that there exists a sequen
e ofmeasurable sets fEjg1j=1 su
h that jRn n [1j=1Ejj = 0 and fk ! f uniformly on ea
h Ej:II.2. Let f : (a; b)! R be 
onvex and x 2 (a; b).(1) Prove that f(x+ h)� f(x)h , h > 0, de
reases with h; and f(x+ h)� f(x)h , h < 0,in
reases with h.(2) Prove that the one{sided derivativesD�f(x) = limh!0� f(x+ h)� f(x)hexist and satisfyf(x)� f(x� h)h � D�f(x) � D+f(x) � f(x+ h)� f(x)h ; h > 0:II.3. Let f 2 L1(0; 1) and suppose that limx!1� f(x) = A <1. Prove thatlimn!1n Z 10 xn f(x) dx = A:


