
PH.D. COMPREHENSIVE EXAMINATIONREAL ANALYSIS SECTIONJanuary 2001Part I. Do three (3) of these problems.I.1. Let (an) and ("n) be sequen
es of positive numbers. Suppose that limn!1 "n = 0,and there exists 0 � � < 1 su
h thatan+1 � � an + "n; for all n:Prove that limn!1 an = 0:I.2. Let F be a uniformly bounded and equi
ontinuous family of fun
tions in C[a; b℄.Prove that the fun
tion g(x) = supff(x) : f 2 Fgis 
ontinuous in [a; b℄:I.3. Let � 2 L1(R), � � 0, and f(x; t) = e�jxj �[��(t);�(t)℄(x). Prove that f 2 L1(R2):Here �E denotes the 
hara
teristi
 fun
tion of the set E.I.4. Let E � Rn with jEj <1, fk 2 L1(E) su
h that fk ! 0 in measure, and kfkkL1(E) �M for all k: Prove that ZE jfk gj1=2 dx! 0; as k !1;for all g 2 L1(E):
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2 JANUARY 2001Part II. Do two (2) of these problems.II.1. Let fn : R ! R be a sequen
e of measurable fun
tions and a 2 R. Suppose that1Xn=1 jfx 2 R : fn(x) > agj <1:Prove that lim supn!1 fn(x) � a, for a.e. x 2 R.II.2. Let K � Rn be 
ompa
t and fBkg1k=1 a sequen
e of open balls whose union 
oversK: Prove that there exists a number " > 0 su
h that given x 2 K, the ball with 
enter xand radius " is 
ontained in some Bk:HINT: for ea
h x 2 K pi
k a ball B(x; r(x)) su
h that the ball B(x; 2r(x)) is 
on-tained in some Bk. Sele
t a �nite sub
overing of B(x; r(x)) and take the minimum of the
orresponding r(x):II.3. An ellipsoid in Rn 
entered at the point x0 is a set of the formE = fx 2 Rn : hA(x� x0); x� x0i � 1g;where A is an n�n positive de�nite and symmetri
 matrix, and h; i denotes the Eu
lideaninner produ
t. Use the formula of 
hange of variables for multiple integrals to show thatthe volume of E equals !npdetA;with !n the volume of the unit ball.


