PH.D. COMPREHENSIVE EXAMINATION
REAL ANALYSIS SECTION

January 2001

Part I. Do three (3) of these problems.
I.1. Let (a,) and (e,) be sequences of positive numbers. Suppose that lim, . e, = 0,
and there exists 0 < 8 < 1 such that

1 < Bap +en, for all n.

Prove that lim,, s a,, = 0.

I.2. Let F be a uniformly bounded and equicontinuous family of functions in C|[a,b].
Prove that the function

g(x) =sup{f(z): f € F}
is continuous in [a, b].

L3. Let ¢ € L*(R), ¢ > 0, and f(2,t) = e "l x(_4(1),407(2). Prove that f € L'(R?).
Here xg denotes the characteristic function of the set E.

I.4. Let E C R" with |E| < oo, fi, € L'(E) such that fi, — 0 in measure, and || f ||z (m) <
M for all k. Prove that

/|fkg|1/2d:c—>0, as k — oo,
E

for all g € L (E).
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Part II. Do two (2) of these problems.

I1.1. Let f, : R — R be a sequence of measurable functions and a € R. Suppose that
Z Hr e R: fn(x) > a}| < oc.
n=1

Prove that limsup,, ., fn(z) < a, for a.e. z € R.

I1.2. Let K C R” be compact and {B}>; a sequence of open balls whose union covers
K. Prove that there exists a number € > 0 such that given = € K, the ball with center x
and radius € is contained in some By.

HINT: for each x € K pick a ball B(z,r(z)) such that the ball B(z,2r(x)) is con-
tained in some By. Select a finite subcovering of B(z,r(z)) and take the minimum of the
corresponding r(x).

I1.3. An ellipsoid in R™ centered at the point x( is a set of the form
E={zeR": (A(x —xp),r — z0) < 1},

where A is an n X n positive definite and symmetric matrix, and (, ) denotes the Euclidean
inner product. Use the formula of change of variables for multiple integrals to show that

the volume of F equals
Wn,

Vdet A

with w,, the volume of the unit ball.



