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Part I. Do three (3) of these problems.

I.1. Show that

I.2. Let {z1}?2, be a sequence of real numbers satisfying
Ty 4 Tn
. n

(b) lim, o0 - Sopei k(zg — xp—1) = 0; (we set xg = 0).

Prove that lim,, o x,, = L.

(a) lim,— oo =L, and

I.3. Suppose f is Riemann integrable on [a,b] and f(x) = 0 for all z € [a,b] N Q. Prove
that f; f(z)dz =0.

L4. Let f € C'[0,1], § = ming 1) |f'(¢)], and A = maxg 17 |f'(x)|. Prove that

—52 /f2 dw—(/f da:) 31—12A2.

Hint: expand fol fol( f(x) — f(y))?dx dy, Fubini and mean value theorem.
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Part II. Do two (2) of these problems.

I1.1. Let f,(x) =n'/2e " on [0, 1]. Prove that
(a) fn(z) — 0 pointwise on (0, 1],
(b) fo fn(z)?dz < C for all n,
(c) fn does not converge in LQ(O 1),
(d) fo fn(x) g(z) dx — 0 for each g € L%(0,1).

Hint: for (d) prove it first for simple functions and then use the density of the simple
functions in L?(0,1).

I1.2. Let g : R — R be continuous and invertible. Suppose that for each Lebesgue
measurable set A, the set g(A) is Lebesgue measurable and define the measure u(A) =
|g(A)|. Prove that the measure p is absolutely continuous with respect to Lebesgue measure

d
if and only if g is an absolutely continuous function, and in that case d—“ = g'(x) a.e
x

I1.3. Let fi be a sequence of functions in L*(R™). Suppose that || fi| 2rn)y < M for all
k, and fr — f a.e. Prove that

- fr(x) g(z)de — | f(x)g(z) dz,

for all g € L?(R™).



